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SUPERPOSITION TIME FOR HIGHLY
COMPRESSIBLE LINEAR FLOW

• Express 1D flow toward a fractured well in a tight-gas reservoir with 

strong variability of gas viscosity and compressibility in the form of a 

perturbation problem .

• Obtain an approximate analytical solution in terms of a series of 

Green’s function solutions to a set of linear problems, which permits 

term-by-term term application of the superposition principle. 

• Derive an approximate superposition time expression for variable 

rate problems in unconventional gas wells with strong variability of 

gas viscosity and compressibility
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Mathematical Formulation
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1D gas flow in porous media 
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Perturbation problem

Mathematical Formulation
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Perturbation problem

Mathematical Formulation

𝜕;∆𝑚
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Perturbation problem

Mathematical Formulation
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∆𝑚S, ∆𝑚X, ∆𝑚;, …,∆𝑚U, … are the solutions of 0th, 1st, 2nd, …, 
kth order perturbation problems:
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Approximate solution:

Mathematical Formulation

∆𝑚 0, 𝑡 ≈
1422𝑇 𝜋𝜂A�

𝑥lℎ𝑘
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When the variation of viscosity-compressibility product is negligible
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Field example:

Mathematical Formulation
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Field example:

Mathematical Formulation
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Back-up slides
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Perturbation problem

Mathematical Formulation

0th order perturbation problem:
	

𝜕;∆𝑚S

𝜕𝑦; −
1
𝜂A
𝜕∆𝑚S

𝜕𝑡 = 0

∆𝑚S 𝑦, 𝑡 → 0 = 0
∆𝑚S 𝑦 → ∞, 𝑡 = 0

	
𝜕∆𝑚S

𝜕𝑦 ]WS
= −

1422𝜋𝑞 𝑡 𝑇
2𝑥lℎ𝑘

1st order perturbation problem:
	

𝜕;∆𝑚X

𝜕𝑦; −
1
𝜂A
𝜕∆𝑚X

𝜕𝑡 −
𝜔S

𝜂A
𝜕∆𝑚S

𝜕𝑡 = 0

∆𝑚X 𝑦, 𝑡 → 0 = 0
∆𝑚X 𝑦 → ∞, 𝑡 = 0

	
𝜕∆𝑚X

𝜕𝑦 ]WS
= 0
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Perturbation problem

Mathematical Formulation

2nd order perturbation problem:

kth order perturbation problem:

	

𝜕;∆𝑚;

𝜕𝑦; −
1
𝜂A
𝜕∆𝑚;

𝜕𝑡 −
𝜔X

𝜂A
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∆𝑚; 𝑦, 𝑡 → 0 = 0
∆𝑚; 𝑦 → ∞, 𝑡 = 0

	
𝜕∆𝑚;

𝜕𝑦 ]WS
= 0

	

𝜕;∆𝑚U

𝜕𝑦; −
1
𝜂A
𝜕∆𝑚U

𝜕𝑡 −
𝜔U2X

𝜂A
𝜕∆𝑚U2X

𝜕𝑡 = 0

∆𝑚U 𝑦, 𝑡 → 0 = 0
∆𝑚U 𝑦 → ∞, 𝑡 = 0

	
𝜕∆𝑚U

𝜕𝑦 ]WS
= 0
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Mathematical Formulation

0th order perturbation problem:

1st order perturbation problem:

∆𝑚S 𝑦, 𝑡 =
1422 𝜋𝜂A� 𝑇
2𝑥lℎ𝑘

6
𝑞 𝑡7

𝑡 − 𝑡7�

`

S

exp −
𝑦;

4𝜂A 𝑡 − 𝑡7
𝑑𝑡′

∆𝑚X 𝑦, 𝑡 =
1422𝑇
2𝑥lℎ𝑘

6𝑞 𝑡7 6
𝜔S 𝑦7, 𝑡7

𝑡 − 𝑡7 exp −
𝑦 − 𝑦7 ; + 𝑦7;

4𝜂A 𝑡 − 𝑡7
𝑑𝑦7

V

S

𝑑𝑡7
`

S

Green’s function solutions of the perturbation problem
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Truncated perturbation solution:

Mathematical Formulation
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Discretized truncated perturbation solution:

Mathematical Formulation

∆𝑚 0, 𝑡

≈
1422𝑇 𝜋𝜂A�

𝑥lℎ𝑘
T 𝑞 𝑡̃q y 1 +

𝜔S 𝑦zS7 , 𝑡̃q
2�

𝑡 − 𝑡q� − 𝑡 − 𝑡q{X�
r2X
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|→V

T
𝜔S 𝑦zA{X7 , 𝑡̃q − 𝜔S 𝑦zA7, 𝑡̃q

2�
|

AWS w} 𝑡 − 𝑡q� erfc
𝑦A{X7

2𝜂A 𝑡 − 𝑡q
�

− 𝑡 − 𝑡q{X� erfc
𝑦A{X7

2𝜂A 𝑡 − 𝑡q{X
� �

+
𝑦A{X7

2𝜋𝜂A
� 𝐸𝑖 −

𝑦A{X7;

2𝜂A 𝑡 − 𝑡q
− 𝐸𝑖 −

𝑦A{X7;

2𝜂A 𝑡 − 𝑡q{X x�


